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i.General Methods

The first step is to write down the total partition function of the system we aim to analyze.Note that
the partition function is obtained by summing all of the eventualities associated with the activators,

repressors and polymerase molecules being destributed on the DNA.AS shown in the table IT,

only 9 outcomes are available. This can be represented mathematically as

Z..= ZPAR 4 ePRZPA-1R) , FEZPA-1R-1) , 36PHRZ(P-1AR) , 36PFRZ(P-2AR)
empty promoter activator activator and repressor one RNAP two RNAP

e Z(P-3,AR) , 3ol Z(p-1 A-1R) | 3 PR Z(p-2,A-1R) , P ) Z(P-3,A-1R)
three RNAP activator and one RNAP activator and two RNAP activator and three RNAP

Hence, The partition function of the state that at least one shRNA can be produced can be written as
Zoomd=36P%Z(P-1,A R +362PuZ(P-2, A R +e3FuZ(P-3, A, R+
3ePEraatcw) Z(P-1, A= 1, R)+3ePR@Gatn) Z(P-2, A-1,R) + e PBGs*cs*an) Z(P~ 3, A-1,R)
The meaningof Z (P, A, R)is that it's just the partition function of P polymerase
molecules and A activators to be bounded on the Ny honspecific sites as
well as Rrepressors to be bounded on the A activators which can be given by

Ns! A
AP e -BPES o-PACK o-PRe
ZP, A R)= PLAL(Nns—P-A)! RI(A-R) e PP ¢ ljiné o PRek
number of arrangements of activators and polymerase molecules number of arrangements of repressors the Boltamann factor of each state

Notation Meaning
€pd the binding energy of RNA polymerase with its specific DNA target (promoter)
pd the binding energy of RNA polymerase with its nonspecific DNA target
€y the binding energy of activator with its specific DNA target (TetO)
" the binding energy of activator with its nonspecific DNA target
€4 the binding energy of repressor with its specific DNA target (tTA)
Eap the "glue" interaction energy between the activator and RNA polymerase
B = kLT where kg is the Boltzmann constant
B

Table I . Notations and meanings

Similarily, we may confirm that
Z(P-1, A, R) e o=

! |
an. Al e_ﬁ(P_l) &"pi e‘ﬁAEﬁai e‘ﬂREsrd e_ﬁggd = L Z (P’ A' R) e_ﬁggd

(P-1)1AlNy - (P-1)- Al! RI(A-R)! Nns -P - A
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We invoke a simplify stragety which depends upon the facts that Ny >>
A + P and hence there will be almost zero chance of RNA polymerase
and activator finding each other on the same nonspecific site on the DNA.
Then, we may get
p
Z(P-1, A RePrHz—ePuZP, A R)

ns

Let us define two important parameters
AEpd = €pg — Epg
A€ad = E3g — Eqg
which can be used to represent the differences of the specific binding energy and the nonspecific binding energy.

Given that what we want to calculate is just the probability of promoter occupancy,
we can set the renormalized weight of Z (P, A, R) as 1. Asaresult,
we can represent other partition functions in the form of the renormalized weight which is showed in Table IT.

Partition Function State Renormalized Weight
Z(P. AR) - 1
empty promoter
Z(P-1, A, R)e P S P g-Poc
o Nl Nes
one RNAP
Z(P-2, A Re?F%H two RNAP TP 2B
Z(P-3, A, R)e3F% three RNAP NL L;l L_Z &3P
Z(P, A-1,R) 6% K A AR o puc,
- e N A
activator
_ _ -Be; A _R AR pre
Z(P,A-1,R-1)ePea K_ Tl

activator and repressor

P A AR B (bEa+aga+es)

Z(P-1,A-1,R)eP(Grearen) ﬁ#_ . £ A
77. l’ 'ns 'ns

activator and one RNAP

P Pd A AR ,-B(r€g+2 AGpa+Egp)
Nns Nis Nps A
P P1P2 A AR -B(rcw+3 a6a+Eg)
Nns Nns Nns Nos A

Z(P-2, A-1,R)ePlgsear) | activator and two RNAP

Z(P-3, A-1, R)ePB&aare) | activator and three RNAP

Table IT . Partition functions,

states and renormalized weight
Zyound _ 1
Ziot 1+ 1 F,neg'1 (A, R)

et (22,3000 PO0E-2)
Nns  NnsNns  Nns Nns Nns

Pbound =
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where we introduce the regulation factor, Fr.q (A, R) which is given by

14+ A AR o-Baewtey)

an
Freg (A, R)=
14+ A AR o-Breg , A R AR Brey
Nis A Nps A-R-1 A

As aresult of the presence of activators and repressors,
it is as though the number of RNA polymerase molecules has been changed from P t0 F ¢, P.
If we want to compute the probability of the state that all the three promoters are occupied, then it should be

e PB8esten) Z (P~ 3, A, R) + e PB3Gs+€s*en) Z (P -3, A1, R)
ZTo’r

Inorder to calculate the regulator factor for the regulatory scenario under consideration,

Pbound =

we need to make estimates for the energy associated with the binding protein to the DNA both
specifically and non nonspecifically.Binding energies are determined indirectly in experiments which
measure the equilibrium constant for binding protein to the DNA.If we consider a particular reaction

Protein + Dna =2 PD

with an equilibrium binding constant
[PD]
bind =
[PI[D]
It is not difficult to get such arelation to relate the microscopic and macroscopic views of binding
Kbind = Veell e P

where we introduce the parameter € to represent the change of free energy whenasingle protein binds to a DNA.

Hence,
Sd
S _ o PrEy
ns
pd
s
~ad _ e~ PrEa

ns
ad

With the data showed in Table III, we may obtain

A€ ® 106k T
NEQ = -11.6 ke T

€ap = ~39 kg T
Equilibrium Constant | Value (M1)
Ksy ™ 2x101
Knst 5x10°
K ! 5.59x10°
Kgé[?)] 5x 104

Table ITI.The values of equilibrium constant

ii.Results
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Figure 1.1 Probability of at least one promoter occupancy as a function of the number of RNA polymerase molecules
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Figure 1.2 Probability of at least one promoter occupancy as a function of the number of activators and repressors
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Figure 1.3 Probability of all three promoters occupancy as a function of the number of RNA polymerase molecules

I1.the genetic circuits with one promoter
i.General Methods

If the system we consider only contain one promotor,

the total partition function can be represented mathematically as

Z..= ZPAR 4 ePRZPA-1R) , ePEZPA-1R-1) L ePHZP-1AR) e PGareiaren) 7 (P-1 A-1 R)
empty promoter activator activator and repressor RNAP activator and RNAP
\
Similarily,
Zoound =€ P9 Z(P-1, A, R)+ e F(Gar<aren) Z(P -1, A- 1, R)
Zbound 1
Pbound = =

Zsot 1+ @P26a N;S' Fr‘eg_1 (A, R)

where the regulation factor, Fr.q (A, R)is givenby

1+ A AR e—B(AEud+€qp)
Nps A

Fr‘eg (A, R)=
1o A AR g pie,, A R AR g,
Nps A Nps A-R-1 A

ii.Results
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Figure 2.1 Probability of one promoter occupancy as a function of the number of RNA polymerase molecules
e

4 Number of R

-
_,4»—"_)"/ 30

Number of A
i



mathematica model.nb |7

Number of A

30

—

e i
T -7

Number of R ."""\»\___

Figure 2.2 Probability of one promoter occupancy as a function of the number of activators and repressors
=

Compared with the results showed in Figure 1.1~1.3, it is not dif ficult to know that the
second design which only contain one promoter can increase the production of shRNAs sharply.
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